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SUMMARY 
The compressible turbulent boundary layer equations for an arbi-
trary three-dimensional surface are simplified by assuming that the com-
ponent of flow within the boundary layer normal to the inviscid stream-
line direction, called cross-flow or secondary flow, is small. The 
equations of continuity, momentum, and energy are first written in a 
streamline coordinate System where the trace of the inviscid flow stream-
line upon the surface forms one family of coordinates and the orthogonal 
trajectories of these curves define a second family. The assumption of 
small secondary flow in this coordinate system reduces the governing equa-
tions along a particular inviscid streamline to the form taken for flow 
over an axially Symmetrie body where the local radius of the equivalent 
body is given by a metric coefficient of the coordinate System. This 
simplification allows Solution of the equations describing the streamwise 
flow, that is, the flow along the path of an inviscid streamline 
independent of the cross flow. Solution of the cross-flow momentum 
equation is then possible subjeet to the streamwise Solution. The 
integral equations of energy, streamwise momentum, and cross-flow momentum 
are derived assuming small secondary flow. A computation procedure for 
approximate Solution of these equations is presented. 
Füll advantage of the analogy between the streamwise flow and a 
related axially Symmetrie one is taken in that a computation method oi; 
proven Utility for axisymmetric flows is applied directly to the three-
xi 
dimensional boundary layer with small cross-flow. The computation proce-
dure for the streamwise flow equations is based on a method given by Sasman 
and Cresci (AIAA J., 4, 19, 1966). This method simplifies the streamwise 
momentum and corresponding moment-of-momentum integral equations by 
means of a Mager-type transformation. Upon specification of an appro-
priate skin friction law and assuming the Crocco velocity-temperature 
relation holds, simultaneous Integration of these coupled differential 
equations provides boundary layer thickness functions, skin friction, 
and related quantities. 
The cross-flow momentum equation is simplified by the same trans-
formation employed in the streamwise Solution. After assuming an appro-
priate form for the cross-flow velocity profile and specifying a curva-
ture parameter as determined by the streamline coordinate System, the 
resulting integral equation is integrated along an inviscid streamline 
using the results of the streamwise computations. The assumed cross-flow 
velocity profile for this calculation is based on limited experimental 
evidence for incompressible and compressible turbulent boundary layers. 
This Solution provides the angle between the inviscid flow direction and 
the direction of the velocity vector as the surface is approached. The 
value of the cross-flow component of skin friction and an indication of 
the limits of applicability of the small cross-flow assumption are then 
determined. 
The computation procedure is applied to a yawed infinite cylinder 
example. The streamline coordinate System and required curvature Param-
eters are defined consistent with the cylinder geometry and the inviscid 
flow. Solutions for both the streamwise flow and the cross-flow are 
xii 
presented for yaw angles of 10, 20, 40, and 60 degrees with a free stream 
Mach number equal to 4.15. Heat transfer computed from the streamwise 
Solutions assuming a form of Reynolds analogy strictly valid for flat 
plate flow is compared with available experimental data on the Stagna-
tion line and over the forward face of the cylinder. Along the Stagna-
tion line the theoretical heat transfer is found to be in good agreement 
with experiment for all yaw angles. Away from the Stagnation line good 
agreement is also noted for yaw angles of 40 and 60 degrees, but the 
theory gives predictions as much as 80 percent above the experimental 
data for the 10 and 20 degree yaw anglös. The use of Reynolds analogy 
is considered questionable for these low yaw cases because of the large 
streamwise pressure gradient present, 
Solutions of the cross-flow momentum integral equation for the 
yawed cylinder example reveal that the cross-flow is not large for the 
four yaw angles considered. The maximum secondary flow occurs for the 
60 degree yaw case. The good agreement with the experimental heat trans-
fer data afforded by the streamwise Solution for this case verifies that 
the cross-flow effect is small for the flow conditions considered. 
In view of the existing uncertainty in the exact shape of the 
cross-flow velocity profile for general flow conditions, Solutions to 
the cross-flow momentum integral equation are compared for three assumed 
profile relations. The results show that the Solution is dependent on 
the profile assumption to a significant degree thus indicating a need 
for experimental studies to establish the correct form for different 
flow conditions. 
Increasing the cooling at the surface is shown to reduce the 
cross-flow magnitude as is expected from physical arguments. As a result 
xiii 
the small cross-flow assumption may be generally more useful for prob-
lems with a high degree of cooling. 
The cross-flow Solution is shown to be dependent to a significant 
degree on the streamwise velocity profile so that changes in this profile 
resulting from pressure gradient have a pronounced effect on the secondary 
flow Solution. Thus, when calculation of the cross-flow is desired it is 
important that the technique for Computing the streamwise flow take into 




The calculation of the properties of a turbulent boundary layer 
under general flow conditions is of recognized importance in a great many 
engineering applications. In the development of aerospace vehicles, for 
example, computation methods for predicting skin friction, boundary layer 
thickness functions, and heat transfer on surfaces of general anti-Symmetrie 
shape, bodies at angle of yaw, swept wings, etc. are of primary concern. 
The research reported in the following chapters is motivated by the exist-
ing need for adequate prediction of the engineering parameters associated 
with turbulent boundary layers in compressible, three-dimensional flow. 
The study of turbulent boundary layers is generally acknowledged 
as a task of some complexity in that the random, fluetuating motion of 
the fluid is not amenable to satisfactory theoretical treatment. Further, 
such physical phenomena as shear stress and heat transfer are proportional 
to the turbulent transport properties and no longer are related to pciram-
eters which are a funetion of the fluid alone. Beyond these fundamental 
considerations, additional complexities such as compressibility of the 
fluid, heat transfer to the surface, three dimensionality of the flow, 
and the presence of pressure gradients are realities of practical flows 
which cannot be ignored in many instances. 
Although the problems associated with turbulent flow have long 
been'the objeet of investigation, as evidenced by the vast amount of 
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literature available, progress in precise description of the flow has 
been slow. Generally two avenues of approach have become manifest in 
the literature: 
(a) attempts to define a mathematical model based for the 
most part on Statistical methods, and 
(b) empirical formulation which relies heavily on pararneters 
determined from experiment. 
From a purely scientific point of view, the former approach 
Stands as requisite to accurate calculation of the turbulent boundary 
layer. However, even though significant progress has been realized, 
development to the point that engineering calculations can be made has yet 
to be achieved. On the other hand, if one takes a pragmatic point of 
view the latter approach offers a line of attack for current problem.« 
which, though admittedly limited in scope by the amount of experimental 
data available, pro.vides Solutions of quantitative value in many engi-
neering applications. It is within this second line of thought that the 
work reported herein is founded., 
The problem to be considered is the approximate computation of 
the turbulent boundary layer pararneters for compressible, three-dimensional 
flow. By way of introduction a brief historical sketch is presented 
including a short summary of several papers in the literature which 
treat the compressible problem directly. The objectives of the current 
study are then delineated. 
Historical Sketch 
The subject of three-dimensional boundary layers has been reviewed 
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by several authors in the past two decades. Reviews by Sears (l) in 
1954 and Moore (2) in 1956 deal primarily with laminar flows. Cooke and 
Hall (3) in 1962 presented an extensive survey of both laminar and turbu-
lent work. Cooke (4) in 1963 reviewed the turbulent literature exclusively. 
The above works present collectively a comprehensive list of references 
dealing with three-dimensional boundary layers, the overwhelming major-
ity of which concern laminar flow. Laminar boundary layers have been 
studied quite broadly from the Standpoint of exact numerical treatments 
as well as series expansions and approximate integral methods (e.g. see 
references lf-3, 5, 6, and 7). 
In contrast to the laminar boundary layer the turbulent layer has 
been largely neglected in the literature. Cooke (4) attributes this 
neglect to the difficulty of the subject and to the fact that the col-
lection of experimental data is "tedious and unrewarding." In the work 
that has been done momentum integral methods have been used exclusively 
and two-dimensional methods have formed the basis for needed empirical 
laws of skin friction and velocity profiles. 
Two concepts have proven extremely convenient in laminary bound-
ary layer analysis and have been fundamental to almost all the turbulent 
work. These are the use of streamline coordinates and an analogy relating 
certain three-dimensional flows to an axially Symmetrie one. The stream-
line coordinate System is one in which one family of coordinate curves 
is the protection of the external streamlines onto the surface of the 
body while the other family consists of the orthogonal trajeetory of 
the first family. Flow in the inviseid streamline direction is termed 
streamwise flow whereas flow normal to this direction is called cross-flow 
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(or sometimes secondary flow). In the event that the cross-flow is 
small the equations of motion in the streamwise direction are identical 
in form to those for an axially Symmetrie boundary layer flow. Further, 
the streamwise equations are no longer coupled with the cross-flow 
momentum equation. Eichelbrenner and Oudart (8) first noted this fact 
for incompressible flow and Cooke (9) has pointed out that the same is 
true for compressible flow. 
Computation methods have been developed by Mager (10), Cooke (ll), 
Becker (12), and Zaat (13) for incompressible turbulent flows. These 
methods differ basically from one another in the assumptions concerning 
velocity profiles and friction laws and are reviewed in reference (4). 
Only a rather meager body of experimental data is available for formula-
tion of these calculation techniques. The experimental work of Gruschwitz 
(14), Kuethe, McKee and Curry (15), Johnston (16), Wallace (17), Brebner 
and Wyatt (18), and Blackman and Joubert (19), all incompressible, serve 
in the main as justification for the necessary computational approxima-
tions. 
The need for careful experimentation is perhaps best illustrated 
by the fact that a review of the literature revealed only one paper report 
ing detailed measurements within a compressible, three-dimensional, turbu-
lent boundary layer. This work reported recently by Hall (24) deals with 
the flow over the sidewall of a specially construeted supersonic nozzle. 
Profiles of streamwise and cross-flow velocity are presented along with 
measurements of local skin friction. 
Four papers dealing directly with the computation of compressible, 
turbulent boundary layers were found in the available literature. Eaich 
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of these is reviewed briefly here in order to form a frame of reference 
for the presentation to follow. 
Braun (20) 
Braun considered the particular case of a cone at small 
angle of yaw. For this case he derived the two momentum integral 
equations in streamline coordinates and applied two-dimensional 
methods in the streamwise direction, after implicitly assuming 
small cross-flow. Braun showed that the pressure Variation along 
an inviscid streamline was negligible when the yaw angle was small, 
thus permitting the use of a Blasius flat plate friction law cor-
rected to the compressible flow by the reference temperature 
method, a power velocity profile in the streamwise direction, 
and the flat plate Crocco relation between temperature and velocity 
profiles. A form for the cross-flow velocity profile suggested by 
low speed experiments of Gruschwitz (14) was assumed. 
With these approximations Braun found Solutions to the 
momentum integral equations by expanding the boundary layer thick-
ness, 6, and the angle between the inviscid streamline direction 
and the limiting direction of the velocity vector as the surface 
is approached, a, in terms of a yaw parameter for the cone at 
small incidence. Local skin friction coefficient, lift coefficient, 
pitching moment coefficient, and a were presented for several 
supersonic Mach numbers and for three wall to free stream tempera-
ture ratios. 
Vaqlio-Laurin (21) 
Vaglio-Laurin considered the turbulent boundary layer for 
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flow conditions typical of cooled blunt bodies in three-dimensional 
hypersonic flow, i.e. moderate local Mach number with high surface 
cooling. Under these conditions it was shown that the cross-flow 
velocity approaches zero. Thus Vaglio-Laurin treated the streamwise 
flow in a streamline coordinate System using two-dimensional methods 
and discarded the cross-flow momentum equation. 
A transformation to an equivalent incompressible flow given 
by Mager (25) was employed. The effect of pressure gradient was 
shown to be negligible for this particular class of flows, and a 
Solution to the momentum equation was found using a Von Karman 
logarithmic velocity law in the transformed plane along with the 
assumption of a Solution of the energy equation in accord with 
Reynolds analogy. 
A heat transfer expression was derived using these results. 
Application of the method was given for some axisymmetric flow 
examples in the absence of experimental data for three-dimensional 
cases. 
Beckwith and Gallaqher (22) 
Beckwith and Gallagher developed a computation method for a 
yawed infinite cylinder. The integral equations of momentum and 
energy were written in a coordinate System defined by surface 
distances in the chordwise and spanwise directions. A modified 
Stewartson coordinate transformation was applied in order to sei; 
the problem in an incompressible plane. Power velocity profiles 
were assumed in the chordwise and spanwise directions. 
Solutions were obtained by assuming a Blasius type skin 
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friction law to hold in the local resultant inviscid flow direc-
tion (streamwise in a streamline coordinate frame of reference). 
Zero secondary flow was postulated throughout. An expression for 
heat transfer was developed from the analysis by applying the flat 
plate Reynolds analogy relating the heat transfer and resultant 
shear. 
Experimental heat transfer data were obtained by Beckwith 
and Gallagher (22) for a yawed cylinder at Mach number of 4.15 and 
high Reynolds numbers, The theory was compared with thesetdata. 
Cooke (4) 
Cooke has suggested a calculation method of a somewhat more 
general nature than any of those discussed previously. The tech-
nique is an extension of his earlier work for incompressible flow 
(ll) to the compressible case. The governing! momentum integral 
equations are written in streamline coordinates and. small cross-
flow is assumed. Making use of the axisymmetric analogy, a two-
dimensional method developed by Spence (23) is employed to solve 
the streamwise momentum integral equation. 
The Spence method features a compressibility correlation of 
the Stewartson type, a quadratic velocity-temperature relation, and 
a power law skin friction expression related to the compressible 
flow by the reference temperature concept. The Solutions thus 
obtained are applicable to insulatecl walls or isothermal cooled 
walls with streamwise pressure gradient. 
A specialization of this method to the case of swept infin-
ite wings has been given in reference 26. Here the streamwise 
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equations are derived, but no calculations are presented. In addi-
tion, application of the method has been reported (27) for a thin 
delta wing at zero lift and a Mach number of two. For this case 
the three-dimensional effects were found to be small. 
At this point several observations concerning the computation methods 
just discussed are appropriate. In each instance small (or zero) cross-
flow was assumed, either explicitly or implicitly, thus allowing exper-
ience in solving two-dimensional turbulent boundary layers to serve as 
a basis for the Solution of the three-dimensional flow. 
Of the methods summarized only Braun found a Solution for the cross-
flow momentum equation, which was for the slightly yawed cone example». 
In the event that the cross-flow is in fact vanishingly small such a 
Solution is of little interest so far as the determination of the bound-
ary layer parameters is concerned, However, Solutions to the cross-flow 
momentum equation can be of significant value as an indicator of when 
the small secondary flow assumption may be in error for a particular 
problem. 
Three of the four Solution techniques have been formulated for 
application to a particular problem with certain of the assumptions 
being justified accordingly. Only the method of Cooke may be consid-
ered general in that no specific geometry or flow conditions are postu-
lated (beyond the small cross-flow assumption and isothermal or adia-
batic wall restriction). In Cooke's method the effect of streamwise 
pressure gradient has been taken into account in the momentum equation. 
In all cases, however, flat plate skin friction laws were employed and 
the velocity profiles were assumed to be unaffected by the pressure gra-
dient. 
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Purpose of the Study 
The purpose of the research reported in this thesis is to investi-
gate further the features of three-dimensional, compressible, turbulent 
boundary layers from the standpoint of practical calculation of such 
flows. The specific objectives of the study are, first, to develop a 
general method for solving the governing integral equations within the 
framework of the small secondary flow assumption and, second, to investi-
gate analytically the cross-flow with particular emphasis on the parameters 
which affect its magnitude. 
A method for solving both the streamwise equations and the cross-
flow equation is developed. An advantage over previous methods stems 
from the inclusion of pressure gradient effects on the streamwise velocity 
profiles and the skin friction law. Solutions to the cross-flow momentum 
equation complement the streamwise Solution by indicating the magnitude 
of the secondary flow, thus giving insight into the probable limitations 
of the small cross-flow assumption. 
In the following chapters, the mathematical model is formulated in 
terms of an appropriate coordinate System. Then the method of Solution is 
delineated with due regard given to its assumptions and limitations. 
Finally, a yawed infinite cylinder example is investigated in detail. 
Solutions are compared with available heat transfer data and the effects 




The mathematical specification of the problem is treated in the 
following paragraphs. The governing boundary layer equations are pr<?-
sented in a convenient choice of curvilinear, orthogonal coordinates. 
An important simplification is introduced by assuming that the flow com-
ponent in a direction normal to the inviscid streamline is small. The 
integral equations of boundary layer flow are given and the Solution of 
these equations is discussed. 
Coordinate System and Governing Equations 
The boundary layer equations are written in a streamline coordi-
nate System as illustrated in Figure 1. These three-dimensional, ortho-
gonal, curvilinear coordinates are specialized to a streamline System 
intrinsic to the surface and flow under investigation. The £-curves 
(TJ = constant) are taken as the protection of the inviscid streamline« 
on the body surface and the rj-curves {% = constant) are their ortho-
gonal trajectories. The surface is given by C "- 0 and elements of 
length in the three coordinate directions are given] by 
ds = ex(Kt f|) öK (l) 
dn = e2(£, Tj) dt] 
dz = e 3 d C 
where e = 1. The above is a simplification of the general metric form 
Figure 1. The Streamline Coordinate System. 
12 
where the metric coefficients e , e , and e_ are functions of 1;, 
T] , and C» Squire (28) has shown that this approximation is valid to 
the same order as the Prandtl boundary layer equations provided the 
surface curvature does not change abruptly. 
The velocity components in the coordinate directions £, f], and 
C are u, v, and w, respectively. Note that at the outer edge of the 
boundary layer the velocities u and v become u = u and v = v = 0 
in the streamline coordinate System. 
The partial differential equations governing the three-dimensional 
turbulent boundary layer have been derived by Vaglio-Laurin (21). In the 
streamline coordinate System the equations take the following form. 
Continuity: 
ai ^ + £ ( p ei v ) + 9T C p V 2 <• + ̂ > ] - o (2) 
C - Momentum: 
o ftr a ftn L p -I 7\T ex dK e 2 Qi\ 3C 
K 2 U V + K 1 V (3) 
ex dt ac LM> ac p^u w
 u 
T] - Momentum: 
J L | i ^ | v + i^^i 0v . K + K : 
e. 3t e„ 8f) L p J 3C 1 2 
(4) 
-r# + &k£-p'G,=7» 
13 
(, - Momentum: 
a«^° (5) 
Energy: 
• J L ü H + X 2 H + [ w + i L ^ i ] f f i ] 
ex dt e2 dn
 l p J 8C J (6) 
ac Lp ,vac pr 6 C ; pv ;J 
In the above H is the total enthalpy given by 
H = h + 
2 . 2 . 2 
U + V + W (7) 
and ( ) denotes the time average values of products of the fluctuating 
components. K and K~ are the geodesic curvatures of the curves £ = 











These equations are valid for steady, boundary layer flow of a compress-
ible, perfect gas with constant specific heats and constant Prandtl 
number. 
The boundary conditions to be satisfied at all values of £ and 
14 
T) are 
Body Surface, C = 0 
u = v = w = 0 , H = Hw, ( ) = 0 (10) 
Outer Edge of Boundary Layer, C = & 
u = V v = ve
 a °> H = He> ( ) s ° (ll) 
where the subscript w refers to values at the wall and the subscript 
e refers to values at the outer edge of the boundary layer. Evaluation 
of equations 3 and 4 at the outer edge of the boundary layer results in 
the following useful relations. 
(12) 
p u 2 K 0 = - -Löß (13) 
Ke e 2 e2 6f) 
Small Cross-Flow 
Significant simplifications of the boundary layer equations 
result when the secondary flow is small, as was noted in Chapter I. Here 
small cross-flow is defined by the requirements that the crosswise com-
p u du re e e -Lae. 
ex ac e x dl 
ponents v and (v'w1), and the lateral derivatives a/9n are small. 
This definition implies physically that the cross-flow velocity and 
turbulent stress component as well as the gradients in flow properties 
normal to the inviscid streamline direction have a negligible effect on 
the streamwise flow. 
Slight rearrangement of the r)-momentum equation (equation 4) 
using equation 13 gives 
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_u_6v + j L 8 v , H - . ( p ' w ' l i 6v _ 1 _a_ r 8v _ ./rTTTTyi / 1 4 x 
K.uv = - K0u
 2 
1 2 e 
2 P 
u [_e 
2 " p 
L e 
Considering the boundary conditions v = v = (v'w') = (v'w') = 0 , 
Vaglio-Laurin (21) has shown that if the right hand side is zero then 
equation 14 has the Solution v = (v'w') = 0 everywhere. Thus the cross-
flow is zero if K = 0 (true if the streamlines follow geodesics of the 
surface) or if [(u/u ) - p /p] = 0 which is nearly true for the highly 
cooled nose portion of a blunt body in hypersonic flow. One may further 
suspect that if the right hand side of equation 14 is very small then the 
velocity v may be very small throughout the boundary layer. Thus in some 
practical applications v and (v'w') may be expected tobe small. Con-
versely, it is apparent that the assumption of small cross-flow implies 
o 
that either K0 or [(u/u ) - p /p] is small. z. e e 
The assumption of small cross-flow is now introduced. In this 
assumption v and the lateral derivatives ö/8tl are considered small 
fs 
compared to u. In equation 2 (continuity) the term — (pe, v) is much 
HM 1 
smaller than the remaining terms and is neglected. All terms containing 
v in equation 3 (C-momentum) and equation 6 (energy) are of the order 
v or v r̂ * and are neglected. The term — r— is dropped from equa-
tion 4 (r|-momentum) in comparison with the remaining terms which have the 
same order as v. 
If one considers the flow along a particular inviscid streamline, 
the corresponding distance along the surface is given by 
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- ! e i d K 
in accordance with equations 1. Equations 2, 3, 4 and 6 then become 
Continuity: 
£ (pur) + A [ p r ( w + l^ i ) ]= 0 (15) 
s-Momentum: 
Lay. r ( p 'w ' l - j au 
[ U a s + L w + P
 Jac 
aue 
= p U -r— *e e Qs (16) 
• £ k £ - p < u ' " , > 3 
Energy: 
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(18) 
In the above use has been made of equations 12 and 13, and e has been 
redefined as r in order to introduce a notation familiär in treatment 
of axisymmetric boundary layers. 
It is apparent that equations 15, 16, and 17 are identical in form 
17 
to the equations for boundary layer flow over an axially Symmetrie body 
of radius r. This is referred to as the "axially Symmetrie analogy" in 
the literature (e.g. see reference 3). Of course r here has a different 
meaning and Solutions must proeeed along a given streamline. 
Integral Equations 
Since exaet Solution of even the simplified partial differential 
equations is not possible, approximate treatment of the problem is enhanced 
by reducing the System to the integral equations of boundary layer flow. 
This is aecomplished in the usual manner by defining the displacement, 
momentum, and enthalpy convection thicknesses, then integrating the equa-
tions from C = 0 to C = &. The resulting equations describe the mean 
or averaged properties of the turbulent boundary layer, thus eliminating 
explicit dependence on the unknown laws of turbulent exchange. 
The derivation of the integral equations is discussed in Appendix 
A. Both the small cross-flow case and the general equations are presented 
there for the sake of completeness. The resulting small cross-flow equa-
tions ,considering flow along a particular streamline, are 
s - Momentum: 
dO 
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and r, and T« are the wall shear stresses in the s and t| 
w w 
directions, respectively. Use has been made of the definition of the 
angle a between the inviscid streamline and the limiting streamline 
(direction of the velocity vector as the surface is approached) in equa-
tion 21. That is 
, - . , v w tan a = lim - = 
C*o u Ti w 
(22) 
Again it is noted that equations 19 and 20 are precisely analogous 
to the momentum integral and energy integral equations for flow over an 
axiSymmetrie body and are independent of the rj-momentum* equation. 
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Solution Considerations 
The introduction of the small cross-flow assumption results in 
significant simplification of the three-dimensional problem as has been 
demonstrated in the preceding development. The existence of the axially 
Symmetrie analogy permits one to take advantage of experience gained from 
treatment of two-dimensional problems in obtaining Solutions to certap.n 
classes of three-dimensional flows, namely those for which the small 
cross-flow assumption is reasonable. This point is especially important 
for turbulent boundary layers, since useful Solutions are of necessity 
based on key assumptions resulting from experimental evidence and exper-
ience. 
The validity of the small cross flow assumption is in general not 
known a priori for many practical problems. (in this sense a Solution 
to the linearized r]-momentum equation is of value, if for no other pur-
pose than to indicate when this postulate may be in error for a particular 
example.) Justification for basing a computation method on this assump-
tion must in the final analysis rest in comparisons with experiment. 
However, several considerations lend support to its utility in the tur-
bulent case. Of course the cross-flow is known to be small in many appli-
cations such as, for example, the forward portion of highly cooled blunt 
bodies considered in reference 21. 
It has been noted that the cross-flow in a turbulent boundary 
layer is much less than in a laminar layer. This is a result of the 
larger apparent shear stress which tends to reduce the growth of cross-
flow as has been discussed in some detail by Cooke (4). In this sense, 
computations reported by Beckwith (29) for laminar flow over a yawed 
20 
infinite cylinder lend some further encouragement as to the usefulness 
of small cross-flow Solutions. Here small cross-flow results were com-
pared with exact laminar Solutions for a yawed cylinder. It was con-
cluded that the small cross-flow Solutions provided reasonable approxi-
mations to the velocity profiles and skin friction even when the cross-
flow velocity was much larger thain specified by the theoretical criterion 
limiting the validity of the assumption. 
While the above comments give some support to the further devel-
opment of theory based on small secondary flow, it is noted that in many 
instances such an assumption could not be considered reasonable. For 
example, flow in the vicinity of a Separation line would certainly not 
be expected to have negligible cross-flow effects. 
Consider now the Solution of the simplified integral equations, 
equations 19, 20, and 21, along a particular streamline. First the geo-
1 dr 
metric properties - -r- and K~ must be determined from the inviscid flow 
r ds z 
and the surface geometry under consideration. Then the streamwise Solu-
tion (equations 19 and 20) may be obtained employing approximate methods 
of known validity for axially Symmetrie flow. Finally the r)-momentum 
equation may be treated after an appropriate cross-flow velocity profile 
is assumed. 
The application of two-dimensional (or axisymmetric) methods to 
the streamwise equations assumes implicitly that this component of th€i 
flow develops as would an axially Symmetrie one under the influence of 
the streamwise pressure gradient. Recent measurements by Hall (24) in 
compressible, three-dimensional flow give qualitative support to this 
postulate. Hall observed that the shapes of his measured streamwise 
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velocity profiles react to pressure gradients (both favorable and adverse) 
in the same sense found in two-dimensional boundary layers. Thus, as indi 
cated by Hall, one would expect that a computation method which takes into 
account the effect of pressure gradient on the streamwise velocity profile 
may be of value. This is an important consideration in the method of 
Solution formulated in the next chapter. 
The Solution of the T]-momentum equation is dependent on the choice 
of a form for the cross-flow velocity profile. This point is discussed 
in detail in the following chapter where a Solution technique of general 
applicability is developed. 
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CHAPTER III 
METHOD OF SOLUTION 
The approximate Solution of the small cross-flow integral 
equations is treated in this chapter. A general technique is proposed 
which is applicable to flows with streamwise pressure gradients over 
adiabatic surfaces or isothermal surfaces with heat transfer. Attention 
is drawn to the restrictive assumptions employed and the resulting lirnita-
tions. First, Solution of the streamwise flow is considered. Then the 
cross-flow momentum equation is treated consistent with and subject to 
the streamwise flow Solution. Its Solution is discussed along with the 
important velocity profile approximation involved. Finally, a summary of 
the proposed calculation method is given outlining the key postulates. 
Streamwise Flow 
Taking füll advantage of the mathernatical analogy between the 
streamwise flow and flow about an axiSymmetrie body, a computation 
method of proven Utility for two-dimensibnal flows is applied directly 
to the problem at hand. While calculation procedures for the compress-
ible turbulent boundary layer have been suggested by many workers, as 
for example, Reshokto and Tucker (30), Spence (23), Cohen (31), and Standen 
(32), a method given recently by Sasman and Cresci (33) has been selected 
for the present application. The wide ränge of applicability of this 
technique has been demonstrated in reference 33 for favorable and adverse 
pressure gradients, with and without heat transfer. 
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Sasman and Cresci express the boundary layer in terms of the i 
momentum integral and moment-of-momentum integral equations for arbi-
trary pressure gradient. A transformation simplifies the equation set, 
and the coupled equations are solved simultaneously to yield the thick-
ness functions, skin friction, and related quantities. The main features 
of this method are outlined below in the present'context, i.e. considering 
the flow along a given inviscid streamline path for which the physical 
distance along the surface is given by s. 
A transformation of the Mager (25) type is applied in the form 
S = J a(s) ds (23) 
and 
Z = b(s) j f - d t (24) 
p 
0 r 0 
where S and Z are the transformed coordinates. Also 
XtL 
a " T 
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(26) 
The Ludwieg-Tillmann (34) skin friction law for incompressible flow is 
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 (27) 
where Cf is the streamwise-component of skin friction coefficient, U 
1 
and 9 are the transformed streamwise velocity and momentum thickness, 
and where the subscript r refers to conditions evaluated at an appro-
priate reference temperature, as for example that given by Eckert (35). 
As Sasman and Cresci note, the derivatiorv of this friction law is not 
restricted to zero pressure gradient flows (see reference 36). 
Results of equilibrium turbulent boundary layer analyses given by 
Libby et al. (37) were employed to evaluate a normalized shear integral 
appearing in the moment-of-momentum equation. Further, a Crocco velocity-
temperature relation was assumed along with a power velocity law with 
Prandtl number equal unity. Thus 
(28) 
H* u U 
* u U 
H e e e 
and 
. ,N. U Z i 
u 
(29) 
where A is the boundary layer thickness in the transformed plane. 
The following thickness functions are defined in the transformed 
plane: 
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*n=S f<-f) dZ 
o e 
(30) 
A ̂ '»-„^-J^f-) dZ (31) 
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where H. is the transformed form factor for adiabatic flow. One notes 
I 
from̂  equations 30 and 32 that the exponent in the assumed power law 
velocity profile (equation 29) is related to H. by 
H. - 1 
l N i = 2 (33) 
Resultincf, relations, between the transformed and compressible boundary 
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where H is the compressible form factor 6 /0 . 
A parameter f is defined by 
f = 
/U 0 1 n \
1 , 2 6 8 /M a Q,^1'268 e 11 e'O 11 (38) 
where a is the sound velocity, ^ Y R T , and R is the gas constant, 
The; momentum and moment-of-momentum integral equations of reference 33 
are now written in terms of the physical distance coordinate s as 
f r dM | T \ 
df , ^,„ - f e 
T - = 1 .268 1 + r ^ H. 
d s M d s L e 
T l 
» o / 










* o ' 




+ i-t B H. -
i 
0.01l(H. +1)(H. -1) 0 T i I _2 o 




i «^i o M a T 
B = 0.123 e" 1- 5 6 1 Hi -2-2 -2 
v T 





and T = 1.4. 
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For the details of the derivation the reader is referred to refer-
ence 33. The above equations are a direct consequence of applying the 
development of this reference to equations 15, 16, and the moment-of-
momentum equation corresponding to equation 16. 
Now upon specification of the external flow field along the inviscid 
1 dr 
streamline and the streamline divergence term - -r- from the geometric 
properties of the coordinate System, simultaneous Solution of equations 
39 and 40 yield H.(s) and 9 (s). From these results the desired 
properties of the compressible flow are readily obtained using equations 
27, 35, and 36. The heat transfer may be computed from C. if a form of 
1 
Reynolds analogy is assumed. This assumption is discussed more fully in 
a later section. 
The principal advantage of the method of Sasman and Cresci when 
compared with other approximate calculation procedures stems from a more 
complete account of the effect of pressure gradient on the Solution. Both 
the skin friction law and the velocity profile relation are explicitly related 
to H. which in turn becomes a dependent variable in the coupled differ-
ential equations. An earlier method developed by Reshotko and Tucker (30) 
treated the problem in a similar manner but apparently restricted the ränge 
of applicability by uncoupling the momentunn and moment-of-momentum equations. 
As is the case in calculation methods for the turbulent boundary 
layer, a number of approximations based mainly on experimental evidence 
are required in order to effect a Solution. These have been noted for 
the present method in the preceding paragraphs. FDerhaps the most question-
able of these is the assumed Crocco relation (equation 28) for flows 
with pressure gradient and heat transfer. This relation, strictly 
valid for adiabatic flows with Prancltl number of unity, is used to 
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evaluate certain enthalpy integrals in lieu of solving the energy equa-
tion. (See reference 33 for details.) Rotta (38), for example, has 
reported that no evidence supporting the validity of the Crocco relation 
was to be found in velocity and temperature profile data which he exam-
ined for supersonic turbulent boundary layers with heat transfer. How-
ever, good quantitative agreement of the computed thickness functions and 
skin friction coefficient with experiment was reported by Sasman and 
Cresci (33) for a wide variety of problems. 
Ciross-Flow 
Transformation 
Once the streamwise Solution has been obtained the T)-momentum 
equation may be solved dependent upon the specification of the cross-flow 
velocity profile. The equation is first simplified employing the trans-
formation of Sasman and Cresci as given in the previous section. Cooke 
and Hall (3) have noted that although a compressibility correlation of 
the Stewartson type does not hold for general three-dimensional flows, it 
does hold for small cross-flow. A demonstration of this correlation was 
given for the laminar momentum equation in reference 3„ In Appendix 3 
the turbulent f]-momentum equation (equation 18) is shown to reduce to 
an incompressible form upon application of the transformation of Sasman 
and Cresci and the corresponding transformed momentum integral equation is 
given. 
The resulting transformed momentum integral equation is 
^ + 9 U
dA+2dr 
dS 21 [ U dS r dS 
T , 
+ K2 ( f fn + A i } = I "TT ( 4 2 ) 
p u 
r o e 
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where 
ff - [h M. 




and £ is the boundary layer thickness in the transformed plane. The 
following relations are observed in the Transformation 
V = v (44) 






Now considering the definition of the angle between the inviscid 
streamline and the limiting streamline, equation 22, one notes that in 
the transformed plane 
tan a = lim 77 = 
Z-**0 U 
, T * 1 % 
-— tan a 
\ o' 
(47) 
where a is the transformed equivalent of a. 
Thus 
T2 = Tl ^an a = 
w w 
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Use of the Crocco relation to evaluate the enthalpy integral in A., 
equation 31, then permits the transformed momentum-integral equation 
to be written as 
d921 -
^ + B21 T^^lkyn^r«!» (49) 
\ e / o 
T Cf, r 1 . = =— -«— tan a 
o 
where eqüations 25 and 27 have been employed. The cross-flow momentum 
equation has now been set in the transformed plane consistent with the 
streamwise Solution. Equation 49 is in exact incompressible form for 
adiabatic flow if the incompressible C f is equal to (T /T )C . This 
is the same relation obtained by Sasman and Cresci. (For example, com-
pare equation 49 with equation 16 of reference 33.) 
Profile Approximation 
Solution of equation 49 is dependent upon the specification of 
the cross-flow velocity profile. The precise form that this profile 
should take is uncertain, due primarily to the very small body of experi-
mental data available. Cooke (4) has reviewed the various assumed pro-
file relations used by several workers,, mainly in incompressible flow. 
In the present application a velocity profile is assumed in the trans-
formed plane of the form 
V /. Zv2 U . /Rnv 
g- = (1 ~ p jj- tan a (50) 
e e 
and is referred to as the "parabolic" relation. This form has been used 
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by Mager (10) and Cooke (ll) in incompressible flows and by Braun (20) 
for the compressible case of a cone at small yaw. Experimental data of 
Gruschwitz (14) for a curved Channel and Wallace (17) for a swept, 
tapered wing serve as basis for the parabolic relation. Cooke (4) notes 
that this form also fits the experiments of Kuethe et al. (15) very well. 
Hall (24) has recently reported measurements of the cross-flow 
velocity profile for flow in a supersonic nozzle where the pressure 
along an inviscid streamline first decreased then increased. These data 
indicate that the parabolic relation provides a reasonable approximation 
in the favorable pressure gradient region but is in error in the region 
of adverse pressure gradient. In view of these results the parabolic 
relation will be generally considered to be limited in applicability to 
favorable streamwise pressure gradients. Of course more careful experi-
mentation is required to estabiish definite limits for this approxima-
tion. 
In the following chapter, where the method is applied to a specific 
example, the profile approximation is treated as a parameter in order to 
assess its effect on the Solution of the momentum integral equation. In 
particular, "cubic" and "linear" appioximations are assumed and Solutions 
are compared with ones resulting from the parabolic relation. 
Now the profile approximation given by equation 50 is employed, 
and equation 21 is put into a form for Solution consiStent with the 
streamwise equations. The details are given in Appendix C. The result-
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where A i s defined by 
A = tan a (52) 
and where f and B are given by equations 38 and 41, respectiveiy. 
Solution of equation 51 is possible when the streamwise Solution (equa-
tions 39 and 40) is given along with the geometric relation K9(s). The 
Solution yields A(s) which is related to the angle a between the 
inviscid streamline and the limiting streamline by equations 47 and 52, 
Siqnificance of the Solution 
At this point some comments on the significance of the Solution to 
equation 51 are in order. The cross-flow Solution is of value in that it 
serves as an indication of the validity of the small cross-flow assump-
tion. In order for the cross-flow to be considered small the physical 
quantity given by the ratio of the local cross-flow velocity to the 
streamwise velocity, v/u, must be small» In particular the inequality 
( * ) 2 « i 
u 
(53) 
must be satisfied. Considering the parabolic profile assumption, or 
more generally any cross-flow profile of the form 
V /. . Z vn U . -




where n, > 0, it is immediately apparent that (v/u) occurs as 
max 
Z / A - ^ 0 , i.e. as the surface is approached, and is given by 




Th£ Solution A(s) then gives a direct measure of the physical restraint 
necessary for the small secondary flow assumption to be applicable as 
given by equation 53. This restraint may be rewritten in terms of the 
maximum value of v/u as 
~ A2 < < 1 (56) 
e 
In many practical applications predetermination of the magnitude 
of the cross-flow is not possible. In such instances'Solutions of equa-
tion 51 in conjunction with the small cross-flow streamwise equations 
(equations 39 and 40) indicate where the assumption may be in substantial 
error. 
From the definition of a one notes that when the component of 










The crosswise component of skin friction coefficient is thus determined 
by the cross-flow Solution. 
One may be tempted at this point to compute a second approxima-
tion to the three-dimensional skin friction coefficient by simple vector 
add|tion of the force components corresponding to Cf and Cf 0 This 
1 2 
step is of questionable value because of the small cross-flow approxima-
tion. For example, define a resultant skin friction coefficient C 
whose magnitude is given by 
Cf S Cf. 1 + 
. 2 





Now, since tan a is equal to (v/u) (equation 55), it is seen that 
th 
. 2 tan a 
e correction term r is of the same order of magnitude as the 
terms eliminated from the £-momentum equation by the small cross-flow 
ta 2 
assumption. This means that the correction afforded by — z — may be of 
the same order of magnitude as the error introduced into the streamwise 
component Cf by the small cross-flow approximation,. Therefore, Cf 
1 
is no better as an approximation for the resultant skin friction than the 
* 
basic small cross-flow approximation which implies that Cf = Cf . 
1 
Summary 
The steps to be followed in solving the governing equations 
developed in the preceding sections are outlined here. It is convenient 
to write the equations in non-dimensional form for numerical Solution. 
Thus a reference length L is taken as some characteristic length of 
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the particular flow under consideration. Let s = s/L be the non-
dimensional distance along the surface, define K as the non-dimensional 
curvature parameter given by 





and define a reference Reynolds number by 
La 
R = - J 
o v 
(61) 
The governing equat ions for the streamwise flow are w r i t t e n in t h e form 
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Recalling that these equations are valid along a particular invis-
cid streamline, Solution of the problem requires the specification of the 
1 dr streamline divergence term = and the curvature parameter K along 
r ds 
- 1 dr 
with M and T /T as a functiom of s. The parameters — and K 
e e' o F r ds 
as well as the path traced by the inviscid streamline on the surface are 
intrinsically related to the differential geometry of the surface and 
the inviscid flow so that convenient methods for determining their values 
may vary widely for specific applications. A discussion of this point is 
not intended here. However, it is noted that Vaglio-Laurin (39) has 
outlined a method for numerically Computing these relations which is 
quite general in application. 
Specification of initial values for f (or ö..), H., and A now 
permits integration of equations 62, 63 and 640 Initial conditions will 
naturally depend on the flow being considered and may be estimated from 
experiment in some applications or may be related to laminar conditions 
at some known or estimated transition location. Simultaneous integration of equations 62 and 63 then yields the distribution of 9., and H„ from 
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which the related boundary layer parameters may be computed» Integra-
tion of equation 64, subject to the streamwise Solution, gives A(s)„ 
In applying an approximate calculation procedure such as the one 
suggested above it is important that the approximations involved be kept 
firmly in mind. In view of this fact the key assumptions used in the 
present development are listed below» 
(1) perfect gas, y = 1.4 
(2) small secondary flow 
(3) power streamwise velocity profile, equation 29 
(4) Crocco relation between streamwise velocity and temperature, 
equation 28 
(5) Ludwieg-Tillmann friction law adapted to compressible flow 
by the reference temperature, equation 27 
(6) parabolic cross-flow velocity relation, equation 50 
In the next chapter the method is illustrated by application to a 
specific example, the yawed infinite cylinder. Some of the parameters 
which affect the cross-flow are investigated«, 
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CHAPTER IV 
RESULTS FOR A YAWED INFINITE CYLINDER 
The computation method described in the last chapter is applied 
to the particular case of a yawed infinite cylinder of circular cross-
section. This example is chosen to illustrate an application of the small 
cross-flow theory because the basic features of three-dimensional flow 
are present, including cross-flow which would not necessarily be expected 
to be small, while the geometric properties are not complex. In addition, 
experimental heat transfer data have been reported by Beckwith and Gallagher 
(22) for this case, thus allowing comparisons of the theory with experi-
ment. 
The flow conditions for the numerical calculations which follow 
have been chosen to correspond with those of reference 22. In this 
reference Beckwith and Gallagher measured the local heat transfer, 
equilibrium temperatures, and wall static pressure on a circular cylin-
der at yaw angles of 0, 10, 20, 40, and 60 degrees. The free stream 
Mach number was 4.15 and the Reynolds numbers based on cylinder diameter 
ranged from 1 x 10 to 4 x 10 . Heat transfer measurements were recorded 
using heat meters installed in the surface of the internally cooled model. 
The cylinder model spanned the 12 inch test section of a supersonic wind 
tunnel, and end plates were installed to simulate a cylinder of infinite 
extent« 
In the following sections the required inviscid flow and geometric 
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properties are calculated. The streamwise Solutions are then presented 
for flow along the Stagnation streamline and over the forward portion 
of the swept cylinder. These results are compared with experimental 
heat transfer data. Finally, Solutions of the cross-flow momentum equa-
tion are presented, and the effects of several parameters on these Solu-
tions are demonstrated. 
Inviscid Flow and Geometrie Relations 
Consider a cylinder of infinite extent placed in a supersonic 
stream at an angle of yaw A defined by the angle between the free stream 
velocity vector and the in-plane normal to the cylinder axis. An orthog-
onal coordinate system is defined on the surface of the cylinder by y 
measured along the generators of the cylinder and x measured chord-wise 
from the Stagnation line (perpendicular to the generators) as shown in Fig-
ure 2. The velocity components in the x, y System are given by ü, v, 
respectively. For a speeified free stream Mach number M^ and yaw 
angle A the inviscid flow conditions on the Stagnation line are readily 
obtained from the shock wave and/or insentropic flow relations of reference 
40. The required properties are given by 
(T-l)MN + 2 
v ' 00 
_(Y~1)M2+ 2 _ 
Y-l 
(65) 
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where the subscript sl refers to the Stagnation line, T is the 
total temperature of the flow, MN^ is the component of free stream 
Mach number normal to the cylinder leading edge, and p is the free 
.stream total pressure if MN < 1 or the total pressure behind the shock 
wave if MN > 1. The flow behind the shock wave is assumed isentropic 
and the gas is assumed perfect. For a given distribution of pressure 
over the surface of the cylinder p (x) the values M (x) and T (x) 
are given by the following isentropic flow relations. 
M = —.-
e Y-1 
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where as before the subscript e refers to local values external to the 
boundary layer. 
Now the streamline coordinate s(x, y) as illustrated in Figure 
1 dr 
2 and the geometric properties - ~- and K along this coordinate are 
to be determined. The expressions for these parameters are derived in 
Appendix D and the resulting relations are given below. As shown in 
Figure 2 the non-dimensional velocity components are 
V 
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It is noted that the relations given here are applicable to a yawed 
infinite cylinder of any cross-section and not restricted to the circular 
cylinder of the present example. Upon specification of M , A, and the 
chord-wise static pressure distribution p (x) the inviscid flow and 
geometric properties required for the boundary layer Solution may now 
be computed. 
In the current application M =4.15 and yaw angles of 10°, 20°, 
40° and 60° are considered» The experimental pressure distributions of 
reference 22 were employed to calculate the required parameters numerically 
on a Burroughs B5500 Computer0 Zero» degree yaw data were used for A = 10° 
since no experimental data were reported for this yaw angle in reference 
22. In the immediate vicinity of the Stagnation line where a high degree 
of accuracy for p ("x) is required for satisfactory determination of 
du /dx the modified Newtonian relation e' 
p s * 1 " ps^' 
cos2 (%) + —- (78) 
D Ps* 
was employed. The results of these calculations are presented in Figures 
3 through 6. The characteristic length of the flow is taken as the 
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cylinder diameter D and the non-dimensional quantities are plotted 
as a function of the non-dimensional chord-wise surface distance x/E' 
measured from the Stagnation line. The flow region of concern is from 
the Stagnation line x/D = 0 to the Shoulder of the cylinder x/D = 0.785. 
The local Mach number distributions are shown in Figure 3 for the 
four yaw angles. The distance measured along the streamline coordinate 
s is given as a function of x/D in Figure 4. Here s/D = i is 
measured from a reference point near the Stagnation line, in particular 
x/D = 0.01. The streamline divergence parameter is plotted in Figure 5 
where one notes that the maximum divergence occurs on the Stagnation line 
and becomes small as the Shoulder is approached. The non-dimensional 
curvature parameter K as defined by equation 60 is shown in Figure 6. 
It is evident that the maximum curvature of the streamline is greater for 
the lower sweep angles where the peak occurs nearer the Stagnation line. 
This is consistent with the high streamline divergence noted in Figure 5 
for these low A cases. 
Stagnation Line Solutions 
Along the Stagnation streamline at the cylinder leading edge the 
governing integral equations are simplified since the Mach number is con-
stant. Equations 62 and 63 reduce to 
^ = -1.268 [ f i d 4 - C ] (79) 
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Figure 6. Inviscid Streamline Curvature Parameter 
for a Yawecl Infinite Cylinder. 
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1 dr and where — 3 — is a constant« On the Stagnation line the cross-flow r ds ^ 
is identically zero so that the small cross-flow assumption is certainly 
valid in this case. 
On the Stagnation line of an infinite cylinder one notes from 
physical considerations that the values of f (or 0,,) and H. are 
invariant with distance s" along the Stagnation streamline. The general 
method for obtaining Solutions is to set dH./ds and df/ds of equations 
79 and 80 equal to zero and solve the two algebraic equations simultaneously 
for H. and f using an iterative technique. In the present case, Solu-
tions were obtained in a manner similar to the Integration technique 
applied over the forward face of the cylinder, that is, by integrating 
equations 79 and 80 along the Stagnation streamline until H. and f 
became constant. The initial conditions for these Solutions were obtained 
by first integrating equation 79 for a few steps down stream with the 
initial value of f equal to zero and H. held constant, then inte-
grating equations 79 and 80 simultaneously along the streamline until the 
stationary Solution was obtained, 
Solutions to equations 79 and 80 were obtained on a Burroughs B5500 
digital Computer employing a Runge-Kutta integration technique. The 
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Sutherland viscosity law was employed in the form 
3/2 / 1 + 198/T \i IT 
_r r_ 
\x f 
*o l o 
o 
TTT + i987f 
» :r o ' 
(81) 
o ' 
and the reference temperature T was taken equal to the surface temper-
ature T for the present moderate heat transfer caseQ This choice is 
w r 
discussed in Appendix E where the method of Sasman and Cresci is compared 
with two-dimensional experimental data for a flat plate and a favorable 
pressure gradient example0 The wall temperature ratio T /T was taken 
equal to 0o85 for all yaw angles» This value is representative of the 
data of reference 220 The boundary layer parameters 9 /D, ^,/D^ and 
Cf /2 were computed from f and H„ using the relations of Chapter IIIc 
Typical results for a free stream Reynolds numbers R = PotXgD/jj.̂ , of 
2 x 10 are presented in Figure 7 as a function of A» 
Of interest in this figure is the Variation of the incompressible 
form factor H„ with yaw angle„ For the low yaw angless where the stream-
line divergence is greatest? H» takes on a significantly higher value 
than for the high yaw angles0 Thus a computation method employing a con= 
stant H„ based on flat plate data, say 1B3, could be in substantial 
error even on the Stagnation line where there is no streamwise pressure 
gradiento The use of the method of Sasman and Cresci (33) gives added 
flexibility in relating the assumed ve.locity profile closely to the flow 
under consideration through H„. 
i 
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C f 
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2/3 _J, (R9) 
St " p u c CT - TT Pl 2 (82} 
re e p aw w 
where St is the Stanton number and T is the adiabatic wall tempera-
aw ^ 
-2/3 ture, Here Pr ' is an empirical correction often used to account for 
Prandtl number not equal one, The Nusselt number was computed making use 
of equation 82 as 
q D /T \3 LI 
"' i Q rO Nu E .. /-W — r = Pr St R M r^ 
k (T - T ) o e T oo aw w » o h-
(83) 
where the Prandtl number is assumed constant and y = 1„40 
The heat transfer results are compared with the data of Beckwith 
and Gallagher (22) in Figure 8 as a function of Reynolds number0 Good 
agreement of the theory with experiment is noteo', and all the data appear 
to agree with the fully turbulent trends over the Reynolds number ränge 
as predicted by the present method except the A = 10° case at low R^. 
In this case transition to turbulent flow appears to be occurring for 
ZI 
Reynolds number less than 2 x 10 . Also shown are the theoretical cal-
culations given by Beckwith and Gallagher« Comparison of these results 
with the present theory serve to corroborate the aforementioned importance 
of the streamline divergence effect on the velocity profiles as measured 
by H.. The method of Beckwith and Gallagher, which is based on constant 
power velocity profiles and a Blasius friction law, differs appreciably 
from the present calculations for the low sweep angleso 
Figure 9 presents the Variation of Stagnation line heat transfer 
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22 for three Reynolds numbers« A peak in Nusselt number is noted for 
A of approximately 35 degrees consistent with the trend of the experi-
mental data. 
Streamwise Flow Solutions 
In this section Solutions for the streamwise flow along a stream-
line path over the forward portion of the cylinder are presented. The 
governing equations are equations 62 and 63. Integration of these equa-
tions was accomplished numerically just as for the Stagnation line Solu-
tion. The.integration was started at a point near the Stagnation line 
where initial values for H. and f were assumed equal to those on the 
Stagnation line as computed in the last section. The results of these 
calculations are presented in Figures 10 through 14 as a function of the 
chord-wise distance from the Stagnation line x/D. 
The Variation of the incompressible form factor H. is given in 
Figure 10 for yaw angles of 10, 20, 40, and 60 degrees. The Reynolds 
numbers associated with each of these angles were selected to correspond 
to conditions tested by Beckwith and Gallagher in reference 22. The form 
factor is noted to decrease rapidly away from the Stagnation line, in 
agreement with the favorable streamwise pressure gradient (Figure 3). 
The corresponding thickness functions, 0.. and &., and the skin fric-
tion coefficient Cf are given in Figures 11, 12, and 13, respectively. 
1 
The heat transfer was computed assuming Reynolds analogy of the 
form given in equation 82. This relation is noted to be strictly valid 
for zero pressure gradient flows over isothermal surfaces with the Prandtl 
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number equal to one, Although the expression has been abplied to 
flows with pressure gradient by numerous workers, its applicability 
remains open to question. This point is discussed further in conjunc-
tion with the comparisons of the present theory with experimento 
The computed heat transfer in the form of Nusselt number is com-
pared with the experimental data and theoretical results of Beckwith and 
Gallagher in Figure 14 for yaw angles of 10, 20, 40, and 60 degrees* The 
cross-flow will be shown in the next section to be small for all four yaw 
angles under the present flow conditions and, therefore, is expected to 
have little effect on the results» Good agreement between computed and 
experimental Nusselt number for yaw angles of 40 and 60 degrees is noted 
in this figure«, In these cases the flow along an inviscid streamline 
develops under a moderate favorable pressure gradient» The use of 
Reynolds analogy is given support by the experimental work of Pasiuk 
et al. (42) who verified its applicatlon for a flat plate with moderate 
heat transfer and with a mild favorable pressure gradiento 
On the other hand examination of Figure 14 reveals that for the 
low yaw angles, 10 and 20 degrees, the computed Nusselt number is con-
siderably higher than the data and reaches a peak in the vicinity of 
x/D equal to 0.3. This trend is noted to be similar to theoretical 
turbulent boundary layer calculations for cylinders at zero yaw and blunt 
bodies as, for example, in references 22, 31, 43, and 440 Strongly sus-
pect in the present calculation is the application of the flat plate 
Reynolds analogy (equation 82). At low yaw angles the flow along the 
streamline coordinate 's away from the Stagnation streamline develops 
much as the flow over a blunt body, that is, under the influence of a 
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strong favorable streamwise pressure gradient» For example, the pres-
1 d Me 
sure gradient term =r is an order of magnitude greater for the 10 
Me ds 
degree yaw case than for the 60 degree yaw casec Some confirmation of 
Reynolds analogy has been noted urider such conditions when the cooling 
is high as discussed by Cresci et al. (43). In the present application, 
however, the cooling is moderate, T /T = 0»85, thus leaving quite 
unresolved the question of applicability of Reynolds analogy. A 
detailed discussion of this anomaly is beyond the scope of the present 
worko The reader is directed to references 31, 43, and 45 for further 
literature in this area« 
Cross-Flow Solutions 
The cross-flow momentum integral equation (equation 64) was pro-
grammed along with the streamwise equations for numerical integration» 
Solutions were obtained,dependent on the streamwise Solution,utilizing 
a Runge-Kutta Integration method. The initial condition for this Inte-
gration was given by A equal zero at the starting point near the Stag-
nation line. 
The basic features of the Solution are illustrated in Figure 15 
where the cross-flow parameter A corresponding to the streamwise Solu-
tions of the preceding section is plotted versus x/Do The functional 
dependence of these Solutions on the streamline curvature parameter K 
as given in Figure 6 is apparent. The maximum value of A occurs near 
the Stagnation line for the lower yaw angles and imoves toward the 
Shoulder of the cylinder as A becomes larger« These Solutions are 







Figure 15. Cross-Flow Solutions * Yawed Cyllnder Example. 
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Recalling that (v/u) « 1 is required for the cross-flow to be small, 
the maximum value of this ratio (related to A by equations 55 and 
58) is plotted in Figure 16. Here one notes that the cross-flow 
grows most rapidly as the flow moves away from the Stagnation line for 
the low yaw cases but reaches the greatest magnitude in the vicinity of 
the Shoulder at the higher yaw angles. A comparison of the magnitude of 
this parameter with the laminar results of Beckwith (29) for a yawed 
cylinder indicates that the turbulent cross-flow is appreciably less than 
for a similar laminar flow« This result is to be expected in view of the 
previous discussion in Chapter II. 
It is further noted that for the flow conditions considered here 
o 
the velocity ratio (v/u) is less than 0.1, except for regions near 1 ' max f t -v 
the Shoulder at high yaw angles» Thus, the effects of cross-flow on the 
skin friction and heat transfer are expected to be smallo This is verified 
by the good agreement of the streamwise Solution with heat transfer data 
for yaw angles of 40 and 60 degrees (Figure 14)0 Also in view of this 
agreement at high yaw angles, the lesser cross-flow at yaw angles of 10 
and 20 degrees could not account for the gross overprediction of Nusselt 
number by the streamwise Solution as given in Figure 140 In this sense the 
skin friction and thickness functions of Figures 11, 12s and 13 perhaps are 
correctly computed by the Sasman and Cresci method as applied here, with 
the error in Nusselt number at low yaw angles being attributed to Rey-
nolds analogy. Of course only detailed experimentation can confirm this0 
In the remaining portion of this chapter some of the basic features 
of the cross-flow Solution will be discussed with regard to the effects of 





















Figure 16. Maximum Value of Cross-Flow to Streamwise 
Velocity Ratio. 
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parameter H„. In order to establish a consistent frame of reference 
for this discussion, the yawed cylinder example for a Reynolds number of 
2 x 10 is considered, and the Solution is given in form of the ratio 
of the components of skin friction Cf /Cf (equal to tan a)„ Figure 
2 1 
17 presents a plot of this ratio versus x/D for yaw angles of 10, 20 ? 
40, and 60 degrees. This Solution incorporates the "basic" parabolic 
cross-flow velocity profile assumption (equation 50) which is believed 
to be a reasonable approximation for the present case where the stream-
wise pressure gradient is favorable in all cases« Hall's experiments 
(24) tend to support this Statement as discussed in Chapter III» 
Typical compressible velocity profiles are shown in Figure 18 
both in the streamwise and in the cross-flow directionSo These profiles 
were computed from the assumed relations in the transformed plane, equa-
tions 28 and 50, for the 60 degree yaw case where the normal coordinate 
Z/A was transposed to the compressible plane using the resuits of 
Appendix F„ The general shape of the parabolic cross-flow velocity rela-
tion is illustrated in this figure and the effect of the favorable pres-
sure gradient on the assumed streamwise velocity profile is evidenced 
by the "filling" of the profile near the surface as x/D increases0 
It was shown in Chapter III that the maximum value of v/u is 
equal to tan a and occurs in the limit as the surface is approachedo Of 
course here both u and v approach zero also. Another parameter of 
interest is the maximum value the cross-flow velocity attains as com-
pared to the local inviscid flow velocity» Appendix G presents an expres-
sion for this parameter, (v/u ) , as a function of tan a and the 
^ ' ' e max' 
streamwise form factor H.. Figure 19 gives the Variation of (v/u ) 
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for the yawed cylinder example. For profiles of the form assumed here 
(equation 54) coupling exists between the streamwise flow development 
and the cross-flow profiles, as is evidenced' by the influence of H. 
in the momentum integral equation (equation 51 and related equations in 
Appendix C) as well as by the functional relations of Appendix Gc Thus 
a streamwise Solution which takes into account the flow effect on the 
streamwise velocity profile, as does the Sasman and Cresci method, is 
desirable if the cross-flow is to be computedo 
Profile Assumption Effect 
In view of the uncertainty associated with the assumed form of 
the cross-flow velocity profile a measure of the effect this assumption 
has on the Solution of the cross-flow momentum equation is of interestc 
This effect has been examined for the present yawed cylinder example by 
assuming two alternate profile relations of the same general form as the 
parabolic relation. In particular, the form of equation 54 ^s assumed 
jp = (1 " | ) n [f tan a (54) 
e e 
where n = 2 gives the parabolic relation employed in the previous Solu-
tions, and n = 1 is denoted as the "linear" relation and n = 3 as the 
"cubic" relation. The corresponding momentum integral equations are given 
in Appendix C. These equations were solved for the yawed cylinder, and 
comparisons of these results with the preceding results based on the 
parabolic profile are presented in the following figures for Reynolds 
number of 2 x 10 and yaw angles of 10 and 60 degrees0 
The resulting compressible velocity profile shapes are illustrated 
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in Figure 20. These plots are typical profiles computed for the 60 degree 
yaw case employing the results of Appendix F. The difference in the three 
profile assumptions is mainly evidenced in the shift of the maximum 
velocity nearer to the surface as the exponent n in equation 54 
increases. The increase in magnitude of this velocity results from the 
Solution of the momentum integral equation, i„e. tan a, as is illustrated 
more clearly in the next two figures. 
Figures 21 and 22 present the effects of the profile assumption 
on the cross-flow Solution in the form of the ratio of normal to streann-
wise skin friction coefficients C, /C (equal to tan a) for yaw angles 
2 1 
of 10 and 60 degrees. The cross-flow magnitude as measured by Cf /C 
2 1 
is seen to be directly proportional to the exponent n in the assumed 
profile relation with the greatest value resulting from the cubic rela-
tion and the least value for the linear relation. The profile assumption 
is noted to have a rather significant effect on the cross-flow solution0 
For example, the maximum value of C /Cf resulting from the cubic rela-
tion is approximately 30 percent higher than the parabolic result for the 
60 degree yaw case and about 25 percent higher for 10 degrees yaw0 The 
need for further experimental confirmation of the proper form for the cross-
flow velocity profile is apparent, particularly for flows where the stream-
wise pressure gradient is not always favorable as in the present case0 
Wall Coolinq Effect 
Increasing the cooling at the wall tends to thin the boundary 
layer and fill the streamwise velocity profile near the surface0 In three-
dimensional layers this effect acts to retard the development of flows nor-
mal to the inviscid flow direction in view of the increased momentum in 
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Figure 21. Effect of Velocity Profile Assumptions 
on the Cross-Flow Solution, A - 10°. 
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Figure 22. Effect of Velocity Profile Assumptions 
on the Cross-Flow Solution, A * 60°. 
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the lower portions of the boundary layer. The degree to which addi-
tional cooling reduces the secondary flow for the yawed cylinder is 
illustrated in the following results. 
Figures 23 and 24 present Solutions to the cross-flow equation 
for yaw angles of 10 and 60 degrees where the wall cooling T /T is 
considered as a parameter. The ratio Cf /Cf is plotted versus °x/D 
2 1 
for T /T equal 1.0, 0.6, and 0.2 in these figures« One notes a 
decrease in Cf /C of approximately 50 percent when the high cooling 
2 1 
case (T /T = 0.2) is compared with the adiabatic wall case (T /T = 1 O 0 ) O 
Thus the ränge of flow conditions for which the small cross-flow assurnption 
is valid may be expected to be extended when the cooling of the surface is 
high as has been indicated by Vaglio-Laurin (21). 
H. Effect 
l  
In the foregoing discussions the close relationship between the 
cross-flow and the developing streamwise flow has been pointed out with 
regard to the dependence of the cross-flow Solution upon the streamwisie 
form factor parameter H.. Since oftentimes two-dimensional computation 
methods are based on assumptions of constant H. (for example references 
23 and 31) it is of interest to see how such an assurnption might affect 
the cross-flow Solution. A Solution for the 60 degree yaw case with H„ 
held constant at 1.3 is compared in Figure 25 with the variable H. 
Solution as computed previously. The streamwise Solution was obtained 
by solving equation 62 with H. held constant at 1.3 and using this result 
to solve the cross-flow equation. The qualitative effect of H„ is 
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Figure 23. Effect of Cooling on the Cross-Flow 











Figure 24. Effect of Cooling on the Cross-Flow 












Figure 25. Comparison with Solution Holding H 
Constant, A * 60°. 
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when H. is held constant. This result is to be expected physically 
since holding H. constant results in an assumed streamwise velocity 
profile which does not fill near the wall, as it should under the favor-
able pressure gradient of this example. Then the cross-flow in this 
instance does not "feel" the retarding effect of the developing stream-
wise flow, 
The qualitative comparison in this figure indicates that the 
cross-flow Solution is dependent to a significant degree on the form 
factor parameter H.. The statement made previously concerning the 
importance of employing a streamwise computation method which accounts 
for the pressure gradient effect on the streamwise velocity profile when 
cross-flow Solutions are desired is substantiated by this result. 
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CHAPTER V 
C0NCLUSI0NS AND RECOMMENDATIONS 
The three-dimensional, turbulent boundary layer in compressible 
flow has been studied analytically from the Standpoint of practical com-
putation of engineering parameters assuming small secondary flow within 
the boundary layer. Procedures for solving the governing integral equa-
tions for both the streamwise flow and the cross-flow under general in-
viscid flow and heat transfer conditions have been proposedo The proposed 
calculation methods have been applied to a yawed infinite cylinder exam-
ple where comparisons have been made with experimental heat transfer data,, 
and the effects of several parameters on the cross-flow Solution have 
been considered. The following conclusions are drawn: 
1. The assumption of small secondary flow in a streamline coordinate 
System reduces the equations of continuity, momentum and energy for 
flow over an arbitrary three-dimensional surface to those analogous 
to flow over an axially Symmetrie body where the radius of the body 
is given by a metric coefficient of the streamline coordinate Sys-
tem. Thus the integral equations along a particular inviseid stream-
line may be solved, employing experience gained in treatment of two-
dimensional boundary layers, independent of the cross-flow momentum 
equation. 
2. The application of a recent method given by Sasman and Cresci (33) 
permits calculation of the streamwise flow over adiabatic surfaces or 
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isothermal surfaces with heat transfer in the presence of streamwise 
pressure gradient. Improvement over previous methods results from 
a more complete description of pressure gradient effects through the 
moment~of-momentum equation, which remains coupled with thei momentum 
equation in the Sasman and Cresci method. 
The cross-flow momentum equation may be simplified by the Mager-
type transformation employed in the treatment of the streamwise flow, 
thus permitting straightforward Solution of this equation subject to 
the streamwise Solution. 
Solutions of the cross-flow momentum integral equation provide a 
test of the validity of the small cross-flow assumption. 
Application of the proposed computation procedure to a yawed infinite 
cylinder example in a Mach number 4.15 flow resulted in the following 
observations: 
(a) Nusselt number computed from the Solutions along the Stag-
nation streamline assuming a flat plate Reynolds analogy 
agreed well with experimental data for yaw angles from 10 
to 60 degrees and free stream Reynolds numbers from 1 x 10 
to 3.5 x 106. 
(b) Over the forward face of the cylinder the computed Nusselt 
number distribution agreed well with the experimental data 
for yaw angles of 40 and 60 degrees, but agreement was poor 
for the lower yaw angles of 10 and 20 degrees. The use of 
the flat plate Reynolds analogy for the low yaw cases, where 
the streamwise pressure gradient is very much greater than 
for the 40 and 60 degree yaw angles, is considered 
82 
questionable. 
(c) Solutions to the cross-flow momentum equation indicated 
that the secondary flow was not large for the four yaw 
angles considered. As a result, the cross-flow effect was 
expected to be small,, This was confirmed by the good 
agreement of the streamwise Solution with heat transfer 
data at the high yaw angles, where the cross-flow was 
the greatest. 
(d) The cross-flow Solution was found to be affected signifi-
cantly by the assumecl form of the cross-flow velocity pro-
file, thus indicating a need for experimental data to 
serve as basis for assumed profile relations under arbi-
trary flow conditions. 
(e) Increased wall cooling was found to reduce the computed 
magnitude of the cross-flow, as would be expected from 
physical considerations. 
(f) The cross-flow Solution was found to be closely coupled 
with the development of the streamwise velocity profile 
as measured by H., thus indicating the importance of 
employing a streamwise Solution method which accounts for 
pressure gradient effect on the streamwise velocity profile 
when cross-flow Solutions are considered. 
The approximate treatment presented in this work relies on the 
assumption of small cross-flow as well as on other assumptions based on 
experimental evidence. This fact coupled with the lack of detailed 
measurements in compressible three-dirnensional flow leads to the obvious 
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recommendation that experimental work be undertaken in this area. In 
particular, measurements of velocity and temperature profiles within 
the boundary layer are needed to confirm velocity profile assumptions, 
particularly cross-flow velocity, and to substantiate relationships 
between velocity and temperature. Independent measurements of skin 
friction and heat transfer for the same surface geometry and flow con-
ditions are desired to investigate Reynolds analogy for two-dimensional 
flows with strong pressure gradient as well as general three-dimensional 
flows. 
Two observations made during the course of the work seem to be 
worthy of mention in the form of possibilities rather than recommenda-
tions. The first of these concerns two-dimensional flows or equivalently 
streamwise flow with small secondary flow. Since both the Crocco velocity 
temperature relation and the (related) Reynolds analogy are in some doubt 
for flows with heat transfer and pressure gradient, the possibility occurs 
of adding a Single parameter to the velocity-temperature relation (e.g. 
a cubic relation with an undetermined coefficient) then solving the 
energy integral equation along with the momentum and moment-of-momentum 
equations. The result would reduce to three coupled differential equa-
tions from which a Reynolds analogy parameter dependent on pressure gra-
dient and the degree of cooling would evolve. This type of approach has 
been tried by Cohen (31), for example, with some success although in this 
case the form factor was assumed constant. Of course, the form of the 
assumed velocity-temperature relation should be based on experiment (as 
presented in summary form by Rotta (38), for example). The advantage of 
this approach rests in the fact that the Solutions thus obtained satisfy 
the energy integral equation as well as the momentum equation. 
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A second Observation stems from the experimental data of Hall 
(24) and concerns the form of the cross-flow velocity profile. In pre-
vious discussion it was noted that, based on Hall's data, the parabolic 
relation gave a reasonable approximation for favorable streamwise pres-
sure gradient but was inadequate when the pressure gradient became 
adverse. Hall noted that the turbulent boundary layer appeared to differ 
from the laminar case in that the cross-over (or s-shaped) cross-flow 
profile did not occur when the streamwise pressure gradient changed from 
favorable to adverse along a streamline. Further, these data indicate 
that a cubic or higher power profile relation of the form used in the 
present work may provide a reasonable approximation in the adverse gra-
dient region of the flow. These facts suggest the possibility of defin-
ing a single-parameter family of cross-flow velocity profiles dependent 
on streamwise pressure gradient much the same as the H. parametric rep-
resentation of the streamwise flow. This Suggestion must be considered 




BOUNDARY LAYER INTEGRAL EQUATIONS 
The integral equations for three-climensional, compressible, 
turbulent boundary layers are presented in this appendix, both for the 
general case in streamline coordinates and for the small cross-flow 
case. The thickness functions are defined and the key steps in the 
derivation are outlined. 
The following momentum and displacement thickness functions are 
defined in a streamline coordinate System. 
9 . f ( 1 _ J L ) - ß U - d C 0 « r ( l _ J L ) - £ v _ ( } 
11 J u p u 12 J u p u ' 
o e *e e o e Ke e 
0 p U O n U 
Ke e He e 
» * . r 8 ( i . J ü i . ) d c »* - - r* ^ - * : 
1 J o Peue 2 J o Peue 
where b is a hypothetical boundary layer thickness taken as greater 
than the velocity and enthalpy thicknesses of the boundary layer. Of 
course the Integration limits could as well be from zero to infinity 
without changing the results. The enthalpy convection thicknesses are 
defined as 
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'x-S'u-fifr dC (A-2) 
o e re e 
< P 2 -
t* *> u* 
r d-H-'p-1^« e e 
where H* = H - H . 
w 
The integral equations are derived in the usual way, by integrating 
equations 3, 4, and 6 terno by term across the boundary layer. The momentum 
integral equations have been given by Cooke and Hall (3) for general 
three-dimensional flow and the energy integral equation is added here 
for completeness. The steps in the derivation of these equations are 
outlined. 
The terms involving p are eliminated using equations 12 and 13. 
Then Integration of the continuity equation (equation 2) is performed to 
eliminate the term [w + (p'w')/p] from the remaining equations. Thus 
w + "Sf11 = pTXJ" [ a T ^ + a T ^ V J * (A'3) •1-2" o - ' 9 " 
i s substi tuted into equations 3, 4, and 6. 
One notes that 
6 
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where T. and T are the local components of shear stress at the 
w w 
wall in the % and f| directions, respectively. Also 
I 9 r /9H , 1 - Pr 9 h v / ,u,\n W I> kr + - D T " *r > " p(w'H')] = q 9C vac Pr 9C w (A.6) 
where q is the heat transferred to the surface. Here the perfect gas 
assumption is employed, h = h(T) = c T. 
Now Integration of equations 3, 4, and 6 across the boundary layer 
(from zero to b) and application of the relations given by equations 
A.l through A.6 yields the boundary layer integral equations. The details 
are tedious, but straightforward. The resulting equations applicable for 
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The small c ross - f low equa t ions are der ived in exac t ly the same 
manner from the s impl i f ied p a r t i a l d i f f e r e n t i a l e q u a t i o n s . These a re 
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TRANSFORMATION OF THE GROSS-FLOW MOMENTUM EQUATION 
The rj-momentum equation may be written as 
8v , r , /—:—Tx-. 8v puv dr /_. , N 
P U g " + [ p w + (p 'w>) )g£ - E— - (B . l ) 
- K 2 ( p e u e
2 - p u 2 ) = ^ 
and the cont inuity equation as 
a jfe (pur) + g ^ [ p w r + (p 'w' )r ] = 0 (B.2) 
where t is the Virtual turbulent shear stress given by 
du , /—:—Tv 
T2 = ^ äc p 
and small cross-flow has been assumed. 
The Mager-type transformation of Sasman and Cresci (33) is 
given by equations 23 and 24 in Chapter III, that is 
s 
o 
= J a(s) ds (B.3) 
and 
C 
o r o 
Z = b(s) f " -ß- dC (B.4) 
J P 
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I t follows then that 
El = a äs + alaz (B,5) 
and 
k = b P^ £ (B.6) 
Following Mager (25) define a stream function which is invariant under 
transformation so that t|> =T|>. Then 
rpu = p o Ä rpv, + r(p.w.) == - p o | | 
and 
rU = 2*. rW = -St 
ru az as 
where U, W, and \|> are the transformed velocities and stream func-
tion. 
Application of the transformation gives 
u = bU (B.7) 
and 
az r [pw + (p 'w«)] = PQarW - pQrU j j | (B.8) 
Define for small c ross - f low 
V = v (B.9) 
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That is, the cross-flow velocity in the transformed plane is equal to the 
compressible velocity. 
Applying the transform relations B.5 througt} B.9 to equation Bil 
and simplifying gives 
u ä y + w ' av '+ yyar ____ 
as az r as a 
Ke 2 2 
— u - u 
P e 




Assuming a perfect gas, — = r—, and writing 
ab (B.ll) 
equation B.10 becomes after some manipulation 
u äs + w äz + T äs - K2 ( H " ue - u ] 
e 
1 ^ T9 
= — -ZT (B.12) 
ap az 
ro 
The above is an incompressible plane momentum equation where one notes 
that for adiabatic flow H/H = 1. 
The transformed momentum integral equation is derived in the 
usual manner, making use of the transformed continuity equation 
9 U . 9 W . u a r _ 
as az r as ° 
(B.13) 
and integrating equation B.12 term by term from Z = 0 to Z = A. The 
details are straightforward and are ornitted here. The resulting equation 
is 
d921 -
-dr + e2i 
2 d _ _ e , 2 d r 
U dS r dS 
e 






9~ = " I 2 dZ (B.15) 
e 
and where 0. and A. are defined in the text by equations 30 and 31. 
It is noted that equation B.14 can also be derived by transforming the 
compressible r\ -momentum integral equation given by equation 21. 
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APPENDIX C 
THE CROSS-FLOW VELOCITY PROFILE AND RESULTING 
MOMENTUM INTEGRAL EQUATION 
The cross-flow momentum integral equation is reduced to a form 
for Solution which is consistent with the streamwise Solution method. 
The parabolic profile relation is assumed as given by equation 50 in 
the text. That is 
-¥-= (1 - l)2 V-




A = tan a (C2) 
and is a function of s. The streamwise velocity profile is given by 




Consider now the transformed momentum integral equation in the form of 
equation 49. 
d921 -
-3T + e2i U dS r dS L e 







The definition of 9 is employed along with equation C.3 to give 
9_u . r ' u •• - N-
A 
= I U" (1 • i r ) d ( Ä ) = (N.+l)l(2N. +1) (C'5) 
o e 
or s ince H. = 2N. + 1 (equat ion 33) 
l i 
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along with equations C.l and C.3 yields after integration 
0 
,21 = -2A  
A H7TH. +1)(H. +2) 
l i l 
(C8) 
Then 9 and 9 are related by 
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2ö o J » o > 
Writing the equation in terms of the physical distance along the surface, 
s, and introducing the relations for Cf , K«., and f as given by 
equations 27, 45, and 38 in the text, the momentum integral equation 
becomes 
dA 
ds = - A 
1 df . JL ̂ e . 2 dr (2Hi + 1^ _ 
1.268f ds M ds r ds (H.-l)(H.+2) ds 
e l i 
dH. 
"T 1 (C12) 
(H-l)(H+2) ' 











,T ,3,^ ,0-268 
l o l r o 
(C.13) 
Equation C.12 is now formulated in the same notation as that of the 
streamwise equations, equation 39 and 40. 
In view of the uncertainty connected with the cross-flow velocity 
profile approximation, as discussed in Chapter III, two alternate profiles 
of the same general form as equation C.l are considered in the numerical 
example of Chapter IV. The corresporiding momentum integral equations; are 
developed here, 
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Consider a "linear" and a "cubic" velocity profile relation tc be 
given by 
-̂  = (i - £ ) iL A U U A ; U e e 
(C14) 
and 
X s (i .. l)
d iL A 
U U A } U A 
e e 
(C.15) 
respectively. The resulting relations between 9 and 9.. become 
for the linear relation, 
-A 9 
11 
21 H - 1 
(C16) 




l i i 
(C17) 
Using these relations the resulting niomentum integral equations are 
derived in the same manner as was done for the parabolic assumption. The 
final equations may be written as 
dA 
ds ~ = - A 
,r . dM 0 . dH, 
1 11 + 1 £ , 2 dr i 
1.268f ds M ds r ds ds e 
(C.18) 
- ! + G Kn 
II \2 _o_ 1 + T - H . T l o 
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where B is given by equation C.13 and F and G are dependent on the 





1 (H. - 1) (H i - 1) 
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APPENDIX D 
GEOMETRIC PROPERTIES FOR A YAWED INFINITE CYLINDER 
Consider a yawed infinite cylinder with the coordinate Systems 
x, y and s, f) defined on the surface as shown in Figure 2. Here s 
is the trace of a particular inviscid streamline on the cylinder surface 
and f) is everywhere orthogonal to s. The x, y coordinates are as 
defined in the text, y lies along the cylinder generators and x is 
normal to this direction. Elements of length dL on the surface 
are given by 
dL2 = dx2 + dy2 (D.l) 
for the x, y System and 
o 9 9 o 
dL = ds + r dt|" (D.2) 
for the s,f) System. The latter is consistent with the metric relation 
of the streamline coordinate System described by equations 1 in the text 
for points lying in the surface (C = 0) and where it is recalled that 
r is defined as equal to e«. 
The velocity components in the two Systems are determined fronn the 
Mach number distribution M (x) as given by equations 66 and 68 in Chap-
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M 2 ^ e ~ 
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whe re a = \JyRl . In the s , f) System 
v = 0 e (D.5) 
and 
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The equation of the streamline on the surface is 
dy _ _e_ 
dx ü e 
;D.7) 
It is evident from the flow geometry that the physical length elements and 














a n u* 3x 
The distance s(x) may be determined by integrating equation D.8 and the 
corresponding coordinate y from an integration of D.7. 
1 dr Calculation of the streamline< divergence term - -j— is now pos-
3 r ds ^ 
sible considering the invariant nature of the divergence of the velocity 
vector, which is everywhere tangent to the surface. In indicial notation 
the divergence of a velocity vector V with components V is 
div V = — - ^ ( v/T V1) (D.12) 
\f* 9x 
as given by Spain (41) for example. Here g is the determinate of the 
fundamental tensor of the surface metric. Thus in the x, y coordinate 
System with the metric given by equation D.l one finds g = 1 and 
+ du 
div V = —S- (D.13) 
dx 





•• 8u u 
j- w e , e 6r 
dlV V = -r— + r~ 
5s r 5s 
(D.15) 
since v = 0. Noting that div V is invariant in coordinate transforma-
tion one may equate equations D.13 arid D.15 to yield 
i o i I du du 
1 ör 1 e e r ös u dx as 
(D.16) 
On the Stagnation line of the cylinder u = v = constant and 
' e e 
l dr 




Since u - 2 - 2 
u + v , then 
e e ' 
6u du e_ _ — e 
e öx e dx 
(D.18) 
Using the above relation and equation D.10 the streamline divergence is 
written finally as 
- 2 A -
. , v du 
I äl e §. 
r ds u 3 dx 
e 
(D.19) 
The curvature parameter K^ is determined making use of equation 13 
in Chapter II, i.e. 
P u 2 K 0 Ke e 2 
i- 9£ 
" e 2 9T1 
(D.20) 
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In view of equation D.ll and e0 = r 
v 
JLÖE = . i 9 ? (D.21) 
e
2
 9 1T u e 3x 
E u l e r ' s equat ion in the x, y System g ives 
n a Qu 
J_9£ = . " _S. ( D . 2 2 ) 
pe ax
 e ax 
Thus 
-v ü du 
K 2 = - S f ^ (D.23) 
u a x e 
The requi red geometric parameters for the yawed i n f i n i t e cy l inde r a re now 
defined by equa t ions D.8 , D.19 and D.23. 
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APPENDIX E 
THE REFERENCE TEMPERATURE 
The application of the reference temperature method to obtain a 
compressible friction formula is based on the postulate that an incom-
pressible formula will correctly compute the compressible skin friction 
if the properties in this formula are evaluated at some reference tempera-
ture, which is characteristic of the compressible flow under consideration. 
A commonly used relation for Computing the reference temperature is one 
given by Eckert (35). 
T k k T 
Tr = 0.5 ~ + 0.22 Pr + (0.5 - 0.22 Pr ) ~ (E.l) 
o o 
This relation was based upon exact laminar boundary layer Solutions for 
1/3 flow over flat plates* Here Pr'' is the assumed recovery factor for 
turbulent flow which replaces the laminar recovery factor of the original 
derivation. The extension to turbulent flow was given by Eckert based on 
correlations of the Schultz-Grunow incompressible friction law with com-. 
pressible experimental data for flat plates with adiabatic and heated 
surfaces. 
This relation is often employed for flows with pressure gradient 
and heat transfer although concrete justification for doing so is lacking. 
It is noted that the defense of this application a posteriori is often 
complicated because of numerous other approximations required to obtain 
analytic Solutions such as the Crocco relation, velocity profile assumption, 
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and even the assumed form of the incompressible friction law to which the 
reference temperature method is applied. Further, the scarcity of skin 
friction data for pressure gradient flows often requires that heat trans-
fer data provide a basis of comparison thus involving a Reynolds analogy 
assumption. 
The above simply points out the arbitrary nature of a choice for 
the reference temperature« A discussion of the various methods found in 
the literature for estimating the reference temperature is not intended 
here„ Sasman and Cresci (33) use the Eckert relation given by equation 
Eol„ In the present application, that is the yawed infinite cylinder with 
moderate heat transfer, the proper reference temperature is assumed to be 
given by the temperature of the wall. This choice is supported by compar-
ing computations using the Sasman and Cresci (33) method with experimental 
data for an adiabatic flat plate and for two favorable pressure gradient 
examples, one with adiabatic wall and another with moderate heat transfer 
to the surfacc 
In Figure E-l the experimental flat plate skin friction coeffi-
cients given by Matting et al. (47) are plotted versus length Reynolds 
number R measured from the Virtual origin of turbulent flow for free 
x r 
stream Mach numbers of 2«,95 and 4.2„ These data were measured using a 
skin friction element for flow of air over an insulated flat plate. The 
corresponding skin friction coefficient Variation computed by the Sasman 
and Cresci method employing both the Eckert reference temperature and the 
T = T assumption are shown in this figure. The wall temperature in 
these calculations was taken to be the theoretical recovery temperature 
which was confirmed as correct by Matting et al.(47). Somewhat better 
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Figure E-l. Insulated Fiat Plate Example. 
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agreement of experiment and theory is observed when the reference temper-
ature is equal to the wall temperature. 
Pasiuk et al. (42) computed the momentum and displacement thick-
nesses from experimental velocity and temperature profiles for turbulent 
flow over a flat plate placed in a supersonic nozzle. Data were obtained 
for both adiabatic and moderately cooled surface conditions. The Mach 
number distribution for this favorable pressure gradient flow is shovvn in 
Figure E-2. The displacement and momentum thickness distributions are 
shown in Figure E-3 where they are compared with the results of computa-
tions using the Sasman and Cresci method. The initial conditions for 
these Solutions were taken from the experimental data at x = 0.6 and 
the wall temperatures were taken as constant values representative of the 
distributions recorded in reference 42. Good agreement is noted between 
the theory and experiment for both reference temperature assumptions. The 
T reference condition gives somewhat better agreement in the zero heat w ^ ^ 
transfer case while there is essentially no basis for preference of either 
method indicated in the heat transfer example. 
The above examples by no means justify the use of the wall temper-
ature as the reference temperature generally. However, they do lend Sup-
port to its use in the present application of the Sasman and Cresci com-
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Figure E-3. Favorable Pressure Gradient Example. 
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APPENDIX F 
RELATION BETWEEN THE COMPRESSIBLE AND 
TRANSFORMED VELOCITY PROFILES 
In the transformed plane t h e v e l o c i t y p r o f i l e s have been 
assumed to be 
Vi 
e 
in the streamwise direction and 
o 
^ = (1 - f ) ̂ - tan ö (F.2) 
e e 
in the cross-flow direction as given by equations 29 and 50 in Chapter 
III. In the physical plane 
_u_ _ _U_ 
u " U (F.3) 
and 
^- = (1 -f)2Ji.tana (F.4) 
as a result of the transformation definitions (equations 34, 44, and 47), 
Specification of the resulting compressible profiles requires a relation 
between Z/A and CA as given by the Sasman and Cresci transformation 
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(equation 24), i.e. 
I T \2 „C 
(F.5) 
0 ' 0 
The Crocco relation is written in the form 
T T 
s _ w 




o ' e 
(F.6) 
where T is the local Stagnation temperature. Then noting that p /p 
T/T , for a perfect gas, the density ratio becomes 
P T 
LP. _£ 
P T re o 
T 
e 
/ T T \ 
o w 
T T e ' 
/ T \ 
-Ü-- Lr* - 1 (±) 
u IT I u ' 
e ' e / e 
(F.7) 
Now applying the transformation relation 
1 
II } 
C = ^ 1 I ~ dZ 
/ T \2 „ Z p 
o | p [_o 
T I J p 
1 e/ o r 
(F.8) 
to F.7 and using F.l to perform the Integration resu l t s in the following 
re la t ion . 
Y P / T \ 
C _ o I e 
Z ' p T K e \ o» 
T /T T \ _ ., 
_w , l o _w| 2_ U_ 
T • T " T H . + 1 U 
e » e e ' I e 
, T H. 
i e / I 
' u l 2 
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ll 
-*. - 1 
1 e 
(F.10) 
which relates C/& to Z/A. Thus the compressible velocity profile«; 
are determined for a specified inviscid flow when H. and tan a are 
known frora the streamwise and cross-flow Solutions. 
The warping of the velocity profiles as a result of the transforma' 
tion, as was noted by Reshokto and Tucker (46), is apparent. If for a 
given Station a constant power N. for the profile of equation F.l is 
assumed, then the corresponding physical profile parameter N of 
.-?• - (5- ) N (F.11) 
varies with the normal coordinate C. This same type of distortion also 
exists in the cross-flow profile. It is noted that for the present appli 
cation at least the distortion is not sufficient to alter the basic 
parabolic relation shape in the compressible plane* In this sense the 
application of the parabolic relation in the transformed plane does not 
conflict with the conclusions from Hall's compressible experiments (24) 
as quoted in the text« 
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APPENDIX G 
MAXIMUM CROSS-FLOW VELOCITY 
The maximum value of the cross-flow velocity v may be simply 
related to the Solution parameters H. and tan a. For the assumed pro-
file of the form (equation 54) 
JJ- = (l - j ) g- tan a (G.l) 
e 4 e 
the physical velocity may be written 
~ = (1 - f ) n ( | ) 1 tana (G.2) 
e 
H. - 1 
as shown in Appendix F and where N. = — r — and n equal to 1, 2, 
and 3 corresponds to the linear, parabolic, and cubic profile relations 
of Appendix C0 
Now the maximum value of v/u is found by first equating the 
derivative to zero, i.e. 
d(v/u ) 
e 
öUTSj = 0 (G.3) 
t o find the 0 < - < 1 where (v/u ) occurs» There r e s u l t s 
^ ' e'ma x 
- H. - 1 
n - n 1 - iTTT <G-4> 
1 
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n = 2: 
n = 3: 
z H . -l 1 







L H i + 5 
(G.5) 
(G.6) 
The corresponding coordinate location in the physical plane may be deter-
mined employing equation F.10 of Appendix F. The maximum value of v is 
then given by equation G.2 and the above relations 
n = 1: 
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The functional dependence of the maximum value of v/u on the stream-
wise incompressible form factor H. is illustrated in Figure G.l for 
the three assumed profile relations. The rather strong relationship 
between the streamwise velocity profile and the cross-flow is apparent 
in the Variation of (v/u ) / tan a with H.. 




1.0 1.2 1.4 1.6 1.8 2.0 
Figure G-l. Effect of H. on Maximum Cross-Flow 
Velocity for Three Profile Assumptions. 
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